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Abstract. Motivated by recent work of Deitmar-Koyama-Kurokawa IDKKI . 
Kurokawa-Ochiai IK01) |KQ2] , Connes-Consani |CC| . and the author |M1| 
IM2I , we define multivariable deformed zeta functions of Hurwitz-Igusa type 

C HI (s 1 ,...,s r ;a 1 ,...,a r ;w;X) (»(oj) > 0, 1 < Vi < r) 



for a Noetherian Fi-scheme X in the sense of ICCI . Our zeta functions gener- 
alize both the zeta functions studied in DKK K02 and the log derivative of 
the modified Soule type zeta function |CC| . For these zeta functions, we give 
an explicit presentation using the Hurwitz zeta function, from which, we show 

(1) When w € N, C HI ( s i ,• ■ ■ , s r ;ai,... ,a r ;«); X) is a meromorphic function 
of si, . . . ,s r - 

(2) When ai = ■ • ■ = a r = 1, Q HI (zi , . . . , z r ; 1, . . . , 1; w; X) is a meromor- 
phic function of s± , . . . , s r , w. 

Our explict presentation, when restricted to the log derivative of the mod- 
ified Soule type zeta functions, gives us the following expression of the (gen- 
eralized) Soule zeta function [S] ICCI Cx( s ) arl d the modified zeta function 
(x BC {s) for a Noetherian Fi-scheme X: 

ex(s) = e hl(fl) Cf sc (s) 

/ /n(p) , , . , N P(IX,Z/«V(I>)Z)\ 



— n 



3=0 / 



V ^ ' J 

where, for each p £ X, O* p = Z n ^ X TJj Z/m 3 (p)Z, and ftj(a) and fi 2 (s) 
are some entire functions, and, for a finite abelian group A = n£=i (Z/njZ), 
j j lcm(»i,n 2 H-) 

M A ) := 77 = 1 7 \ gcd(Z,ni)gcd(Z,n 2 )---gcd(Z,n fc ). 

lcm(ni,n 2 ,...,n fc ) ^ 

Since [i(A) is not necessarily a natural number, but a rational number in 
general, fi (YIj 'Z/mj(p)1^ may be regarded as a local contribution at p £ X 
of the obstruction for the "rationality" of Cx(s) and £5^ lsc (s). 

As is well-known [S] [K] [D], the original Senile's zeta function [S] for Fi-schemes 
(whose definition we follow [CCj in this paper) can not be defined for arbitrary 
Fi-schemes . To overcome this dificulty, two completely different kinds of more 
general zeta functios for Fi-schemes have been proposed recently; first by Deitmar- 
Koyama-Kurokawa |DKK] and Kurokawa-Ochiai |KQ2j . and, second by Connes- 
Consani [CCj . To review these two approaches, we mostly assume our Fi -scheme 
X to be a Noetherian Fi-scheme in the sennse of |CCj . In particular, X has finitely 
many points, and, Vp £ X, the "residue field" 0\ is a finitely generated abelian 
group. 
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We now recall the first kind of zeta functions due to |DKK| [KQ2] : Recently, 
Deitmar-Koyama-Kurokawa [DKK] defined the absolue Igusa zeta function Q 1 (s, X) 
for a Noetherian Fi-schemc X by 

oo oo 

(1) C J (*,*) = E #X(¥ lm )m- s = J2 |Hom(Spec(F lm ) ! X) 

m— 1 m— 1 

generalizing the (single variable) group zeta function of Igusa type C$ib( s 'A) for a 
finitely generated abelian group A with the following properties: 

• For the affine Fi-scheme Fi [A] determined by a finitely generated abelian 
group A, 

oo 

C / (s,SpecF 1 [A]) = Ca 6 (s;^l) := E | Hom a ,(A, Z/mZ) 

rn—1 

• For X , a Noetherian Fx-scheme in the sense of Connes-Consani |CC 
C I (s,X) = J2C I (^SpecF^J 

oo 

= Y,& b { s '°l P ) = E E \Kom* b (Ol p ,Z/mZ)\ m -° 
pex pex m=i 

DKK evaluated C^{s]A) for a general finitely generated abelian group A in two 
different ways, both of which are supposed to imply the meromorphicity of CLu (s; A) 
with respect to s. Although these computations in |DKK] are erroneous, the mis- 
takes were fixed in |M2j . In particular, this implies, ^(sjX) is a meromorphic 
function of s. 

More recently, Kurokawa-Ochiai |KQ2j defined the multivariable group zeta func- 
tion of Igusa type Cab( Sl ' ■ ■ ■ i s r',A) for a finitely generated abelian group A: 

( 2 ) Cab( s i) ■ ■ ■ ,s r ;A) := ^ Homab (A, Z/mi • • • m r Z) 

mi ,. . .,m r >1 

and proved its meromorphicity for the particular case when A is the cyclic group. 
Comparing (JTJ) and (J5J), it is very natural to define the multivariable absolue Igusa 
zeta function C 1 ( s i, ■ ■ ■ ,s r , X) for a Noetherian Fi-schemc X by 

(3) 

,s r ,X):= P(Fi"r-»r)mT <1 --nv'' 

mi,'- ,m r > 1 



C J («i 



^ |Hom(Spec(F l( m 1 ...m r )),X) 

,...,m r >l 

( Sl ,..., Sr ;^, P ) 



oo 

: = E E Homa(,(C^ jJ3 ,Z/mi • • -m r Z) m^ 1 • • -m^ Sr 

p£X mi,- ,m r >l 

Both [DKKj and [KQ2j obtained some elementary number theoretical identities, 
using these zeta functions. However, we M1][M2] gave purely elementary number 
theoretical proofs for these identities and their generalizations from the view point 
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of elementary probability theory. In fact, from the view point of elementary prob- 
ability theory, it is vey natural to define and study the deformed multivariable zeta 
function of Igusa type C^t, ( s i > s 2, ■ • ■ , s r ; w; A) for a finitely generated abelian group 
A, by 
(4) 

oo 

I \ ^ - 

Cab( s i' ■ ■ ■ > s r'i w ] A) := Homa(,(i4, Z/mi • • • m r Z) m 1 S1 • • • m r Sr , 

mi,- ,m r >l 

and the deformed multivariable zeta function of Igusa type C, (si, S2, • • . , s r ; w; X) 
for a Noetherian Fx-scheme X, by 

(5) 

C J (si,...,s r ;wj;X) := ^ Cab ( s i> • • • > s r\w] x, P ) 

00 

= Homas, (0£ „, Z/mi • • • m r Z) mi Sl ---m~ Sr 

pGX mi ,-■ ■ ,ra r >l 

and study these properties. Incidcntly, motivated by some study of Casimir energy 
of infinite symmetric groups [KOlj , [KQ2j hinted some deformed zeta function like 
((H . Although the analyticity of the deformed multivariable zeta function of Igusa 
type is highly problematic, we shall prove in Corollary [072] its meromorphicity with 
respect to 01, . . . , a r , w. 

It should be pointed out that, for a finitely abelian group A, C™ b (si, . . . , s r ; w; A) 
posseses the multivariable Euler product (c.f. [BELj ): 

(6) 

Cstb ( s 1t ■ ■ i s r ;iu;A) := ^ Hornet, (A, Z/mi • • • m r Z) 



mi ,m r >l 



^ |Hom at ,(A,Z/p' ;i+ -+ fe '-Z) 

>:primes fci ,■ ■ ■ ,fc r >0 



-(fel«lH hfc,-Sr) 



We now recall the second kind of zeta functions due to [CCj . Generalizing the 
domain of definitions of 

(7) N x (n) := #X(F 1B -i) 

to arbitrary n G [1, 00) by the Nevanlinna theory, Connes-Consani |CC| generalized 
the Soule zeta function (x(s) to an arbitrary Noetherian Fi-scheme X by 

dsCx(s) 



(8) 



Cx(«) 



N x (n)n~ s - L du 



n>l 



Furthermore, Connes-Consani |CC| defined the modified Soule zeta function <^ x lsc (s) 
for a Noetherian Fi-schme X by 



(9) 



d s Cf sc (s) 
Cx BC (s) 



= - £ Nxi^n-*- 1 = - X (X) - J2 #X(F lm )(m + 1)— 1 



n>l 



jpQ- 2 |Hom(Spec(Fim),X) (m + 1) - ' -1 , 



where x(^0 : — ^Vx(l) is called the Euler characteristic of X [5] [K] . 
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Then, [CC] related ( x {s) and ( x isc (s) b Y establishing the expression 
(10) Cx(s) = e fc «$"°( a ) 

for some entire function h(s). Thus, Cx sc ( s ) nas the same singularities as Cx(s). 
However, unlike ([6]), the Dirichlet series 

oo oo 

#X(Fim)(m+l)- s - 1 = 53 |Hom(Spec(Fim),X) (m + l) _s_1 



(11) 



m—1 



= 53 53 1 Homab \°x,p> z / mZ ) ( m + ir s_1 

in ([9]) docs not have an Euler product decomposition. Therefore, we would also 
like to incorporate such a zeta function without an Euler product decomposition 
into our study. Especially, we are interested in the essential ingredient in the 
characterization of the modified zcta function of Soulc type Cx sc ( s ) '■ 

(12) 

OO OO 

5^ |Hom(Spec(Fim),X) (m+l)^ 1 = 53 53 | Hom ae (o Xp ,Z/mZ) (m+1)' 

m— 1 p£X m—1 

Now, with (|23|) and (|12p as our principal motivation, we define the deformed 
multivariable zeta function of Hurwitz-Igusa type Cstb ( s 1j ■ ■ ■ i Sr > a i> ■ ■ ■ > Qr '' w > -^)> 
for a finitely generated abelian gropup A, by 

(13) 

C§i{si,...,s r ;ai,...,a r ;w;A) 

E W _ 
Homai, (A, Z/mi • • • m r Z) (mi — 1 + oi) Sl • • • (m r — 1 + a r ) Sr 

mi,-- - ,m r >l 

(5R(a,) > 0, 1 < Vt < r), 

and i/ie deformed multivariable zeta function of Hurwitz-Igusa type 
( HI (s\, . . . , s r ; a\, . . . , a r ; w; X) for a Noetherian Fi-scheme X, by 

(14) 

C HJ (si, ■ • • , s r ; oi, . . . , a r ;w;X) := 53 Csaf ( s i> ■ ■ ■ , s r ; ai, . . . , a r ; w; Yj) 
= 53 53 Homab (O^- , Z/mi • • • m r Z) (mi - 1 + ai)~ si ■ • • (m r - 1 + a r )~ 

p£X mi,- ,ra r >l 

(5ft(ai) > 0, 1 < Vi < r). 
Observe, for a Noetherian Fi-scheme X, 
(15a) 



s-l 



C HI (si, ■ ■ ■ ,s r ; 1, . . X) = ^(si, . . . ,s r ; w;X) 



(15b) C HJ (s + l;2;l;X)= ^ ^ |Hom ab (o^ p ,Z/mZ) (m + 1)- 8 " 1 

m—1 
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Of course, the analyticity of ( HI (s±, . . . , s r ; a\, . . . , a r ; w; X) is highly problem- 
atic, and the main result of this paper investigates this issue: 

Theorem 0.1. By use of 'the Hurwitz zeta function £(s , q) := J2 n >o( n ~^ ( l)~ S (^-( s ) > 
l,$t(q) > 0), the multivariable deformed zeta function of Hurwitz-Igusa type for a 
Noetherian Wi-scheme X 



( lii (s 1 ,...,s r ;a 1 ,...,a r ;w;X) (»(o<) > 0, 1 < V^ < r) 



admits the following explicit presentation: 



(16) 



( (si,...,s r ;ai,...,a r ;w;X) 

^2 Ca/( s ij-- ■ > s r;ai, . . . ,a r ;w;O x ,p) 
pex 

Z^pGX Z^,j 1 ,...,j r =0 



Ji 
i(p) 



,k r = l 



Horn 



= < 



nl=i (l-a,)"^"*) 

(Tp.z/*! • • • fc r z) n[=i (Jfrr^-^C (*< - Si 

ifweN 

J2 pex | Homsi b (r pj Z/*i ■ ■ • fc r Z)| U ' n[ =1 (z(p)-(^-"W-)C (* - »(*>)«;, 4)) 

i/ai = • • • = a r = 1, 



where, Vp G X, O^p = x T p wit/i T p a finite abelian group such that l(p) = 

lcm{ord(p) g G T}. In particular, C, H1 (si, . . . , s r ; Oi, . . . , a r ; u>; X) (K(a,) > 
0, 1 < Vi < r) enjoys the following meromorphicities: 

(1) When w G N, £ ffJ (si, • • • > s n Oi, • • • , Or', w; X) is a meromorphic function 
o/si, ...,s r . 

(2) When a\ = ■ ■ ■ = a r = 1, ( HI (zi, ■ . . , z r ; 1, . . . , 1; w; X) is a meromorphic 
function of s\, . . . , s r , w. 

Proof. It suffices to study Ciae> ( s i> . . . , s r ; oi, . . . , a r ; w; A) for a finitely generated 
abelian group A = Z™ x T, where T is a finite abelian group with I := lcm{ord(g) | 
g G T}: For to.; G N, set 



(17) 



G{m\, . . . , m r ) := Homat, (r, Z/mi ■ ■ • m r Z) 



and write m% — Irii + k% with m G Z>o and 1 < fcj < I. Then 



(18) 



G(mi, . . . , m r ) = G(ki, . . . , fe r ). 
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Now, since 



Honi2it,(A,Z/mi • • -m r Z) (mi — 1 + a\) Sl ■ ■ ■ (m r — 1 + a r ) 8r 

w 

Hom^tT x Z",Z/mi • ■■m r r L) (mi - 1 + ai)~ Sl • • • (m r - 1 + a r )~ Sr 
G(mi, . . .,m r ) w (mi ■ ■ ■m r ) nw (mi - 1 + ai)~ Sl • • • (?n r - 1 + a r )~ Sr 

r 

G(mi, . . . , m r ) u ' J] (ro™(mi - 1 + a,)" 5 ') 

i=l 

G(mi,..,m r r 

x n[=i (K - 1 + a*) + (1 - a,))""' K - 1 + a*r Sl if w £ N 
G(mi, . . . , m r ) w n[=i (mrm, 7 ") if o x = • • 

G(m 1 ,...,m 1 .)"' 

ni=i (e™o (7)k - 1 + - ao™-*) k - 1 + ai)- 

,m r )"'n[=i (r 



x 

Gfmi 



-(sj — nw) 



'EZ..>=onu(("r)(i-«o— 

xG(mi, ■ ■ ■ , m r ) M n[=i (K - 1 + a t )~^-^) iiweN 



= a r = 1 
if ai = • • 



G(mi, 



-(si— tiuj) 



if Oi = • • • = Of = lj 



WC SCO 



(19) 



Cat. ( s i> ■ ■ ■ ,s r ;ai, . . . ,a r ;w;A) 

Homat, (A, Z/mi • ■ ■ m r Z) (mi — 1 + ai) Sl ■ • ■ (m r — 1 

mi ,■ ■ ■ ,m r >1 

,11: L ((TK ] «..'- *) 

G(mi, . . 



^ Ijmi,-' ,m r >l 



mi , ■ ■ ■ ,ra r >l 



G(mi, 



-r nr=i - 1 + if w g 



if ai = • • • = 
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Thus, 

(20) 

r 

E G(m u m r ) w [] (( m , - 1 + a*)-'"-*)) 



fl8t 



mi,-" ,m r >l i—1 
I 



E E G(ki,...,k r ) w H[(ln i + ki-l + a i )-^- j ^ 



ki,...,k r — l «.i,...,n r >0 



r ELiC*-J«) ^ G(A 1> ... I fc r ) , ° E II 

ki,...,k r — 1 ni,...,n r >0i-l 



^ ---—// fc._l + a A-(--«r 



fcl,...,fcr=l i=lni>0 



r£^<*-*> £ G(fc 1 ,... ! fc r rnc(^-ii, fci ~' + ai ) 
fci,...,fc r =i i=i ^ ' 

. ki - 1 + a,- 



e G(fci,...,fc r ) w n( r(s, " ii) ^ 

fel,...,fc r = l »= 



/ 



and 



(21) 



— (si — nw) 

m„ 



E G( mi ,,..,m r rn 

mi,"' ; m r >l i—1 



E E G(fc 1 ,...,fc r rn(( Zni+fei ) _(s< 

1 ni r ..,n r >0 i—1 

r EUC-««> ^ g(/ci, . . . , k r ) w E n(h + T 



fci,...,fc r — 1 ni,...,n r >0 «— 1 

— (si — nw) N 

r EU(«*-n») ^ %...,trnE 

fci,...,fc r = l i=ln;>0 
i 



= i-U^-nm) J- G(k u k r rf[<: L - nw, I) 

fei,...,fe r =l i=l ^ ' 

= E G ( fc i' • • ■ ' fc ^ II (V(™ >C L - nw, *f\ 



are both meromorphic functions of Si, . . . , s r , w. 
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Then, substituting flU and {HJ) into Q2]), we find 
(22) 

(ib(si,.. -,s r ;ai, . . .,a r ;w;A) 

Honiat, (A, Z/mi • • • m r Z) (mi — 1 + ai) Sl • • • (m r — 1 + a r ) Sr 

'rz...r ui . (cv >i ] < ^ 0' >: ~ 



= < 



x vi ; , , G(h, . . . , fc r )- nr=i c (si - ji, ±=p*) 

if w e N 

>r EU^-™) ^ G(fcl; . . . ; kr yo Y\l =1 C ( Si -nw,!f) if oi = • • • = a r = 1. 



Er...„v=o [nLi((T')(i-«0"^) 

XL fc =i . . . , fc r ) w m=i (l-^- nw K (si - nw, !f)) 

Now the claim follows from these obsrevations and (fT5|) . 

Corollary 0.2. The deformed multivariable zeta function of Igusa type 
C ( s i) s 2, ■ ■ ■ 7 s r ; w; X) for a Noetherian ¥\-scheme X: 

(23) 

C I {si,...,s r ;w;X) := ^ Caib (si, . . . ,s r ;w;0^ 



if w e N 
if ai = • • 

□ 



p6X 



:= ^ ^ Hom ab (0^ p ,Z/TOi • ■ -m r Z) 



£ I Homa^r^Z/fcx • • -k r Z)\ J] ( ^-^""^C ( * - n(pX 



I 



is a meromorphic function of Si 



,s r ,w. 



Proof. This immediately follows from Theorem lO.il (2) and (|15a|) . □ 

Now the special case of the deformed modified zeta function of Soule [S] type 
Cy' sc (s; w), characterized by 

/"•) /"disc / \ < ~*~ > yj 

(24) ^(sZ " ~ ^ ^ I Hom ^ {°x^ ^) I (™ + D— 1 . 

*X \ ' / p£X m=l 

modulo a constant, is of particular importance. 

For this purpose, we recall from [M2] the invariant n(A) for a finite abelian group 
A defined by 



(25) KA) := £ K 



a£A 1 1 
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where \a\ stands for the order of an element a G A. When A = Y[j=i (Z/rijZ), the 
following evaluation is obtained in |M2j : 



aeA ' a ' ' I 1=1 



(26) 



lcm(ni ,ri2 i ■ ■ -i^k ) 

V Hom a[ ,(A,Z//Z) 
lcm(n 1 ,n 2 , ...,nfej ^ 

lcm(ni ,712 i ■ ■ -i^k ) 

^ gcd(Z, ni) gcd(Z, n 2 ) ■ ■ ■ gcd(Z, 



1 



1 



lcm(ni, n 2 , . . . ,n k ) 



1=1 



whose last quantity was essentially first considered by [DKKj . 

When A = f]* =1 (Z/^-Z) and u> e N, A w = ]J k j=1 (Z/ nj Z) w . Thus, applying 
(f26j) to the case A™, we obtain the following: 



(27) M (A-) 



f 



lcm(ni,n 2 , . . . ,n fc ) 



lcm(ni ,7i2 ,. . ■ ,^fc) 

^ Hom aE ,(A,Z/ZZ) 
2=1 



Finally, we are able to state and prove our main result for the deformed modified 
zeta function of Soule [S] type Cx sc ( s ; w ) : 

Theorem 0.3. We have the following expression for the deformed modified zeta 
function of Soule [S] type for a Noetherian ¥\-scheme X when w G N: 



(28) 



n 



<n(p) 



H( S - i )(-C < 5 ) -X-ir <rt -0 



V 



j=° 



Here, for all p G X, 

(29) 0* >p = Z n(p) x T p , i(p) := lcm{ord(.g) | g G T p }, 

with T p a finite abelian group; and h(s;w) is some entire function of s depending 
upon w G N. 

Proof. Applying the preceeding results, we analyze the right hand side of (|24[> : 
(30) 

oo 

I / \ 111 

\-s-l 



(m + 1) 

p£X m=l 



G2J 



J55J 

where 
(31) 



n(p)w 

E E 

p£X j=0 



n(p)w 
j 



Hp) , , 1 x 



Gp(fc) Hom at , (r p ,Z/A:Z) 
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Since the Hurwitz zeta £(s; q) only has a pole of residue 1 at s = 1, we see the only 
singularities of (j3T))) are poles at s = j £ U p6 x{0, ■ • ■ , with residue 

Kp) 

(-l)"W w -^(p)- (1) ^G(fc) w 



(32) 




,i(p) 



«p) 



P ex j=0 
n(p)w 



i-iy 



3 P ' ) Kp) 

m E E f-f" b)w )(-i)"^— ) mto 



Now the claim follows immediately. □ 

Further restricting to the case w = 1, we arrive at the following observation, 
which may be viewed as an eventual reconciliation of the two approaches of Deitmar- 
Koyama-Kurikawa [DKKj and Connes-Consani [CCj : 

Theorem 0.4. the following expression of the (generalized) Soule zeta function 
Cx(s) [S] [CCj and the modified zeta function Cx sc ( s ) f or a Noetherian ¥i-scheme 
X: 

Cx(s) = e h ^\f c (s) 
( /n(p) 

=> w n (ri( s -i) ( " m( " 

3=0 



= e 



V 




where, for each p E X, = Z"' p ) x FJ . Z/mj(p)Z, anc? hi(s), fi2(s) are some 

entire functions, and, furthermore, for a finite abelian group A = (Z/n^Z), 

_^ lcm(ni,Ti 2 ,...,n fc ) 

M(^) : = E F7 = i 1 \ E gcd(Z,ni)gcd(Z,n 2 )---gcd(Z,nfe). 

^ \a\ lcm(n 1 ,n 2 ,...,n k ) ^ 

□ 

Remark 1. Since p(A) is not necessarily a natural number, but a rational number 
in general, [i Z/mj(p)Z^ may be regarded as a local contribution at p E X of 
the obstruction for the "rationality" of (x(s) and(x sc {s)- 
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